In the present paper, we consider the generalized Hyers-Ulam stability for fractional differential equations of the form:
Introduction
A classical problem in the theory of functional equations is that: If a function f approximately satisfies functional equation E when does there exists an exact solution of E which f approximates. In 1940, Ulam [28, 29] imposed the question of the stability of Cauchy equation and in 1941, Hyers solved it [5] . In 1978, Rassias [18] provided a generalization of Hyers, theorem by proving the existence of unique linear mappings near approximate additive mappings. The problem has been considered for many different types of spaces (see [6] [7] [8] ). Recently, Li and Hua [14] discussed and proved the generalized Hyers-Ulam stability of spacial type of finite polynomial equation, and Bidkham, Mezerji and Gordji [1] introduced the Hyers-Ulam stability of generalized finite polynomial equation. Finally, Rassias [21] imposed a Cauchy type additive functional equation and investigated the generalized Hyers-Ulam product-sum stability of this equation. The stability phenomenon that was proved by Rassias is called the Ulam-Gavruta-Rassias stability [23] . Very recently Rassias [24] introduced a new concept on stability called Rassias Mixed type product-sum of powers of norms stability. Furthermore, Rassias [13, 19, 20, 22] introduced and investigated the stability problem of Ulam for the Euler-Lagrange quadratic mappings and relative Euler-Lagrange functional equation.
The class of fractional differential equations of various types plays important roles and tools not only in mathematics but also in physics, control systems, dynamical systems and engineering to create the mathematical modeling of many physical phenomena. Naturally, such equations required to be solved. Many studies on fractional calculus and fractional differential equations, involving different operators such as Riemann-Liouville operators [3] , Erdlyi-Kober operators [12] , Weyl-Riesz operators [16] , Caputo operators [2] and Grnwald-Letnikov operators [17] , have appeared during the past three decades. The existence of positive solution and multi-positive solutions for nonlinear fractional differential equation are established and studied [30] . Moreover, by using the concepts of the subordination and superordination of analytic functions, the existence of analytic solutions for fractional differential equations in complex domain are suggested and posed in [9] [10] [11] .
In [27] , Srivastava and Owa, gave definitions for fractional operators (derivative and integral) in the complex z-plane C as follows:
where the function f (z) is analytic in simply connected region of the complex z-plane C containing the origin and the multiplicity of (z − ζ) −α is removed by requiring log(z − ζ) to be real when (z − ζ) > 0.
Definition 1.2.
The fractional integral of order α > 0 is defined, for a function f (z), by
where the function f (z) is analytic in simply connected region of the complex z-plane (C) containing the origin and the multiplicity of (z − ζ) α−1 is removed by requiring log(z − ζ) to be real when (z − ζ) > 0.
In [11] , it was shown the relation
Let U := {z ∈ C : |z| < 1} be the open unit disk in the complex plane C and H denote the space of all analytic functions on U . Here we suppose that H as a topological vector space endowed with the topology of uniform convergence over compact subsets of U . Also for a ∈ C and m ∈ N, let H[a, m] be the subspace of H consisting of functions of the form
Definition 1.3. Let p be a real number. We say that
has the generalized Hyers-Ulam stability if there exists a constant K > 0 with the following property:
then there exists some z ∈ U that satisfies Eq. (1.1) such that
In the present paper, we study the generalized Hyers-Ulam stability for holomorphic solutions of the fractional differential equation in complex Banach spaces X and Y
where G : X 3 ×U → Y and f : U → X are holomorphic functions such that f (0) = Θ (Θ is the zero vector in X).
Generalized Hyers-Ulam Stability
In this section, we present extensions of the 
We need the following results.
Lemma 2.1 ([4]). If f : D → X is holomorphic, then f is a subharmonic of z ∈ D ⊂ C. It follows that f can have no maximum in D unless f is of constant value throughout D.

Lemma 2.2 ([25]). Let f : U → X be holomorphic vector-valued function defined in the unit disk U with f (0) = Θ (the zero element of X). If there exists a z
0 ∈ U such that f (z 0 ) = max |z|=|z0| f , then z 0 f (z 0 ) = k f (z 0 ) , k ≥ 1.
Theorem 2.1. Let g ∈ G(X, Y ). If f : U → X is the holomorphic vector-valued function defined in the unit disk U with
Proof. We assume f (z) ≮ 1 for z ∈ U. Thus there exists a point z 0 ∈ U with f (z 0 ) = 1. In view of Lemma 2.1,
Now by Lemma 2.2, at the point z 0 the exists a constant k ≥ 1 such that
Consequently, we have
Furthermore, defining a function ω(z) := zf (z) satisfies ω(0) = Θ and
Therefore, according to Lemma 2.2, there exists a constant κ > 1 such that
On the other hand, we observe that
thus there exists a constant m ≥ 1, such that
consequently we pose that
Combining Eqs. (2.3) and (2.4), we deduce Assume the problem (1.2) . Let G ∈ G(X, Y ) be holomorphic vectorvalued functions defined in the unit disk U then
Proof. By continuity of G, the fractional differential equation (1.2) has at least one holomorphic solution f. According to Remark 1.1, the solution f (z) of the problem (1.2) takes the form
Therefore, in virtue of Theorem 2.1, we obtain the assertion (2.5).
Theorem 2.2. Let G ∈ G(X, Y ) be holomorphic vector-valued functions defined in the unit disk U then Eq. (1.2) has the generalized Hyers-Ulam stability for z → ∂U.
Proof. Assume that
therefore, by Remark 1.1, we have
Also, z → ∂U and thus |z| → 1. According to Corollary 2.1, we have
Let > 0 and w ∈ U be such that
We will show that there exists a constant K independent of such that
and satisfies (1.1). We put the function
thus for w ∈ ∂U, we obtain
Without loss of the generality, we consider |a i | = max n≥1 (|a n |) yielding
This completes the proof.
Applications
In this section, we introduce some applications of functions to achieve the generalized Hyers-Ulam stability. 
Conclusion
From above, we conclude that the Hyers-Ulam stability can be generalized for fractional differential equations in a complex Banach space. Equation (1.1), referred to the general formula of approximate solutions for fractional differential equations in the unit disk, which can be extended to a complex Banach space. Definition 1.3, can be applied in the theory of analytic functions to find the characterization properties, coefficient estimates, distortion inequalities and convolution structures for various subclasses of analytic functions of fractional power [26] . Finally, we encourage (as open questions) the reader to investigate the UlamGavruta-Rassias "product" stability and the Rassias "mixed product-sum" stability, as well as provide specific counter examples to the arising singular cases for fractional differential equation.
